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Abstract

An energy absorbing composite structure made of a concentric NiTi spring and a porous NiTi rod is investigated in
this paper. Both NiTi spring and porous NiTi rod are of superelastic grade. Ductile porous NiTi cylindrical specimens
are fabricated by spark plasma sintering. The composite structure exhibits not only high reversible force–displacement
relation for small to intermediate loading but also high energy absorbing property when subjected to large compressive
load. A model for the compressive force–displacement curve of the composite structure is presented. The predicted
curve is compared to the experimental data, resulting in a reasonably good agreement.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Recently, the energy absorbing structures and materials attracted strong interests in various fields of
applications ranging from vehicles, ballistic armor, helmet, sports equipment to clothing. There are two ap-
proaches to design high energy absorbing materials and structures: One is to optimize the structures by
using ordinary materials, for example thin composite sandwich panels by Kassapoglou (1996), and sand-
wich plates with truss cores by Xue and Hutchinson (2004) and Wicks and Hutchinson (2004). The other
is to design new energy absorbing materials, such as Miyoshi et al. (1999) produced aluminum foam, por-
ous NiTi shape memory alloys. Since the density of porous NiTi is less than that of the solid NiTi, while the
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porous NiTi can absorb almost the same energy as the solid NiTi does when they have the same volume, the
porous NiTi can be good candidate for energy absorbing material in various fields of applications ranging
from aerospace and naval to surgical instruments and medical implant and fixtures. There have been some
attempts to design and process porous NiTi, but the porous NiTi in the earlier works proved to be very
brittle. Recently we processed a ductile porous NiTi rod by using spark plasma sintering (SPS) method
by Kang et al. (2001) where starting NiTi powder of superelastic (SE) grade were used. Due to short pro-
cessing time inert environment, as-SPS processed porous NiTi was found to be ductile and exhibited SE
behavior.

In this paper, we will incorporate both approaches mentioned above, i.e. to design a high energy absorb-
ing composite structure by not only optimizing the structure design, but also designing of energy absorption
porous shape memory alloy. We proposed to design a composite structure made of concentric NiTi spring
and porous NiTi cylinder where both NiTi are of SE grade. Let us consider a composite structure made of a
concentric spring and porous cylinder, both are of superelastic NiTi, Fig. 1. The composite structure is sub-
jected to compressive loading F along the z-direction. In order to design a high energy absorbing material
to cover a wide range of compressive loading, we set our criteria: (i) for low to intermediate compressive
loading, the composite structure exhibits superelasticity, i.e. the whole structure recovers to its original
shape after unloading. (ii) For high compressive loading, the composite structure can absorb a larger
amount of energy. Therefore, the proposed composite structure has dual purposes, (i) usable as an impact
every absorber repeatedly for low impact energy, and (ii) extra high energy absorber for much larger impact
loading. We design the composite structure such that there exists a horizontal gap between the outer spring
and inner cylinder and the initial height of the spring is larger than that of the cylinder, Fig. 2(a). Upon
compressive loading to the composite structure, the spring supports the compressive loading initially until
both of the spring and cylinder have the same height, Fig. 2(b). Under increasing compressive load, the
spring shrinks while the cylinder shrinks vertically but swells transversely, then it touches the spring,
Fig. 2(c). For further loading, to cope with larger impact loading, the deformation of the composite struc-
ture is strongly influenced by the constraint between the spring and cylinder with constrained inner pressure
acting on the interface, thereby absorbing a large impact loading.

So far, a lot of modeling work were proposed to simulate the mechanical behaviors of energy absorbing
structures and materials. For example, Bart-Smith et al. (2001) proposed a model to simulate the bending
deformation of a cellular metal sandwich construction made of aluminum foam. Wicks and Hutchinson
Fig. 1. (a) Sketch and (b) actual picture of the composite structure.
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Fig. 2. Three stages of the composite structure under compression, (a) first stage: spring singly takes the load, (b) second stage: the
spring shrinks to the same height as that of the rod, (c) the rod expands radially, and touches the inner surface of the spring.
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(2001) constructed a model to optimize the truss plates to achieve higher energy absorption. However, there
is no model proposed for the energy absorbing structure based on shape memory alloys. Therefore, in this
paper, we propose a model aiming at simulation of the sequence of deformation of composite structure
made of porous NiTi rod and concentric NiTi spring, Fig. 2 and also the deformation thereafter until
the maximum stress and strain reached in the superelastic SME spring cylinder followed by the unloading.
2. Design, processing and characterization of the porous NiTi rod and the composite structure

The composite structure is composed of 13% porosity NiTi rod surrounded by a concentric NiTi spring,
Fig. 1. Both of the rod and spring are of superelastic (SE) grade at room temperature. Table 1 shows the
dimension of this structure.

Here we shall state briefly the processing and characterization of porous NiTi cylinder and spring both
of which are made of NiTi shape memory alloy (SMA) of superelastic grade.

The ingot of NiTi (SE) is provided by Sumitomo metal (Osaka, Japan). After the prealloyed ingot was
prepared, the NiTi powders were produced by the Plasma Rotation Electrode Process (P-REP) by Fukuda
Metal Co. (Kyoto, Japan), this method is by Kato et al. (1994). Porous NiTi cylinder specimens were made
of spark plasma sintering (SPS) system (Sumitomo Coalmine Company, Japan, Model 1040s) where NiTi
powder of SE grade (average diameter is 200 lm) were packed in a graphite mold. The NiTi powders in the
mold then were sintered by the SPS under pressure of 25 MPa at 800 �C for 5 min in N2 gas flow. As-SPS
processed NiTi specimen has a 13% porosity and it was subjected to the heat treatment at 320 �C for
30 min, followed by water quench to convert it to SE grade, Zhao et al. (2005). Typical cross-section of
13% porosity NiTi is shown in Fig. 3.
Table 1
Dimension of the porous NiTi rod and NiTi spring, see Fig. 1

Porous NiTi rod NiTi spring

Dp hp Ro Ri Ls ds g p a n

9.0 mm 15.0 mm 6.25 mm 4.6 mm 20.3 mm 1.65 mm 0.1 mm 1.75 mm 5.5� 9



Fig. 3. Uniform cross-section of the 13% porosity NiTi.
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The 13% porosity NiTi (hereafter porous NiTi) specimen was subjected to compression test, and its
force–displacement curve is given in Fig. 4 where Fig. 4(a) is the force–displacement curve of the single por-
ous NiTi rod under compressive load, Fig. 4(b) shows the force–displacement curve of the composite struc-
ture (a porous NiTi rod surrounded by a NiTi helical spring). Both tests are conducted at room
temperature. As to the composite structure, before the spring shrinks to the same height of the porous NiTi
rod, it is the single rod that supports the compressive load. Therefore, in Fig. 4(b) the forces corresponding
to the displacements ranging from 0.0 mm through 5.3 mm remains modest and this range is omitted for the
sake of comparison with Fig. 4(a). Fig. 4(b) also shows that after the spring shrinks to the same height as
that of the porous NiTi rod, both spring and porous NiTi rod are supporting the load, furthermore, each
turn of the spring touches its neighbor turns to make the spring behave like a hollow cylinder. Thereafter,
the force increases sharply. Comparing Fig. 4(a) and (b), it is obvious that the composite structure exhibits
the capability of supporting large force and displacement. For the porous NiTi rod, the spring plays a roll
as a constraint while the porous NiTi rod with a spring surrounded exhibits higher superelastic force, higher
fracture point and larger displacement than the single porous NiTi rod without spring surrounded. On the
other hand, the porous NiTi rod act as a yoke for the spring, preventing it from asymmetric deformation
(i.e. premature buckling) when subjected to large force. Let us example the experimental data of Fig. 4 in
terms of energy absorbing (EA) capacity for two different regimes: (i) reversible (superelastic) and (ii)
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Fig. 4. Force–displacement curve of (a) single porous NiTi rod and (b) composite at room temperature.



Table 2
Comparison of the experimental data of the single porous NiTi rod and composite structure with their dimension shown in Table 1

Maximum reversible
displacement (mm)

Maximum
reversible
force (kN)

Fracture
displacement
(mm)

Fracture
force
(kN)

Specific
energy absorption
(MJ/Mg)

Single porous NiTi rod 1.29 40.74 2.03 65.15 12.2
Composite 1.71 68.76 2.41 97.21 15.3
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irreversible (loading all the way to its fracture point). For the first regime, we define EA as the area
surrounded by SE loop while for the second regime, EA is defined by the area underneath the force–
displacement curve up to the fracture point marked in the figure by X. The two values of EA are divided
by the mass of each specimen to calculate specific EA. The key mechanical data including specific EA are
listed in Table 2 of porous NiTi rod and the composite structure. The results of Fig. 4 and Table 2 dem-
onstrate the advantage of using the composite structure as compared with porous NiTi rod above to cope
with a wide rage of comprehensive load bearing capacity. In summary, the proposed composite structure
has dual use as an efficient energy absorber for both low and high impact loading. It is noted also that the
higher strain-rate impact loading, the higher the flow stress of NiTi becomes which maybe considered addi-
tional advantage of using NiTi as a key energy absorbing material.
3. Model for predicting the force–displacement curve (FDC) of the composite structure

The force–displacement curve (FDC) of a composite structure has two parts, loading and unloading.
The loading curve consists of five kink points and five segments, see Fig. 5. First kink point, A, is the point
at which the spring shrinks to the same height as the rod. The second kink point, B, is the point in which the
porous NiTi rod exhibits the onset martensite transformation, which is obtained from the experimental
FDC of single porous NiTi rod. The third, C, is the point when the rod touches the inner surface of the
spring. The fourth, D, is the finish martensite transformation point. The fifth, E, is the onset point of
the plastic deformation for the porous NiTi rod. The unloading curve consists of four kink points. The first,
F, is the start point of the austenite transformation. The second, G, is the point when the rod detaches the
inner surface of the spring. The third, H, is the finish point of austenite transformation. The fourth, I, is the
point at which the rod reverses to its original height, which is the same as point A on the loading curve. In
this model, the FDC of the porous NiTi rod is set as the reference data and the Young�s modulus of the
spring is assumed to 70 GPa (it is shear modulus Gs = 26.3 GPa).
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Fig. 5. Idealized force–displacement curve of the composite structure.
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3.1. Loading curve

3.1.1. The first stage (O! A)

The start of this stage is the origin of the FDC. Since the spring is set initially longer than the rod, the
spring is the only load bearing member of the composite structure under compressive loading until point A.
The force–displacement relation for the NiTi spring is given by Kusaka and Taya (2004).
F s ¼
Gsd

4

64nR3
o

ds ð1Þ
where Gs is the shear modulus of the spring, in this paper it is 26.3 GPa. Fs and ds are the force and dis-
placement of the spring, n is number of turns, d and R are defined in Fig. 1. The difference of the length
of porous NiTi rod and the spring is the displacement at point A. This displacement is given in Table 4.
Therefore, the force at kink point A can be obtained by substituting displacement (i.e. OA = dA in
Fig. 5) into Eq. (1) as
F s
A ¼

Gs d4

64nR3
o

dA ð2Þ
It is noted in Eq. (2) that F s
A represents the load supported by only the spring of composite structure as in

this portion only the spring is taking the applied load.

3.1.2. The second stage (A! B)

When the spring shrinks to the same height of porous NiTi rod, the second stage starts. As displacement
increases, the porous NiTi rod exhibits the onset of stress-induced martensitic transformation point, B. The
displacement at B can be found in Table 4. The porous NiTi rod does not touch the inner surface of the
spring. Therefore, these two parts (rod and spring) act independently. Because each turn of the spring
touches its adjacent turns, it behaves like a hollow cylinder. Hence, from this stage all the way through
the stage (H! I), the spring is assumed to act as a hollow cylinder. Therefore, using the volume of the
spring and the hollow cylinder is equal to each other, the equivalent thickness of the hollow cylinder
can be obtained. The volume of the spring is
V s ¼ pðR2
o � R2

i Þdsn ð3aÞ

The volume of the hollow cylinder is given as
V cyl ¼ 2pRihpt ð3bÞ

where t and hp are the equivalent thickness and height of the hollow cylinder. All of the parameters can be
found in Table 1. The equivalent thickness t is calculated by equating Eqs. (3a) and (3b)
t ¼ nðR2
o � R2

i Þds

Rihp

ð3cÞ
The force–displacement relation of the porous NiTi rod can be obtained from the reference FDC of porous
NiTi rod, which can be found in Table 4. Since the spring is assumed to be a hollow cylinder, its force at B,
FB, is given as
F s
B ¼ Es½ðRi þ t=2Þ2 � R2

i �ðdB � dAÞ=hp ð4Þ

Hence the force applied to the entire composites structure is the summation of the force on the spring and
the rod
F B ¼ F p
B þ F s

B ð5Þ
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where the superscript ‘‘p’’ denotes porous NiTi rod. Therefore, the stiffness of the second stage can be
derived as
SA�B ¼ ðF B � F AÞ=ðdB � dAÞ ð6Þ
The force–displacement relation for the second stage is given as
F A–B ¼ F A þ SA–BðdA–B � dAÞ ð7Þ
where dA 6 dA–B 6 dB, the subscript ‘‘A–B’’ denotes an arbitrary point between A and B. We will use this
manner of notation to express other stages all the way in the following discussion.

3.1.3. The third stage (B! C)
B is the point on which the porous NiTi starts stress-induced martensitic transformation. C is the point

at which the porous NiTi rod touches the inner surface of the NiTi spring. Therefore, during this stage the
spring and the porous rod are still acting independently. The forces can be obtained in the same manner as
for the second stage. The forces and displacements of the porous NiTi rod are given in Table 4. The force in
the spring at kink point C is given as
F s
C ¼ Es½ðRi þ t=2Þ2 � R2

i �ðdC � dBÞ=ðhp � dp
BÞ ð8Þ
The force applied to the entire composite structure is
F C ¼ F p
C þ F s

C ð9Þ
The stiffness of the third stage is
SB–C ¼ ðF C � F BÞ=ðdC � dBÞ ð10Þ
The force–displacement relation for the third stage is given as
F B–C ¼ F B þ SB–CðdB–C � dBÞ ð11Þ
where dB 6 dB–C 6 dC.
3.1.4. The fourth stage (C! D)
Under increasing compressive loading, the porous NiTi touches the inner surface of the spring which is

assumed to be the hollow cylinder at kink point C. From point C thereafter the hollow cylinder and the
porous NiTi rod begin to interact to each other, Fig. 6. The composite structure now behaves like a struc-
ture of solid cylinder surrounded by a hollow cylinder and their surfaces are touching each other with con-
straint interface pressure (rs

r). The force and displacement relation for solid cylinder will be derived in the
following. The equilibrium equation in axi-symmetric cylinder coordinate is given by
drrr

dr
þ rrr � rhh

r
¼ 0 ð12Þ
Strain–displacement relations are
err ¼
ou
or
; ehh ¼

u
r
; ezz ¼

ow
oz

ð13Þ
Stress–strain relation in absence of shear component (which is justified due to the assumption of axi-sym-
metric deformation) is given by
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Fig. 6. Porous NiTi rod and NiTi spring interact to each other.

2504 Y. Zhao et al. / International Journal of Solids and Structures 43 (2006) 2497–2512
err ¼
1

Ei

½rrr � m rhh þ rzzð Þ� ð14aÞ

ehh ¼
1

Ei

½rhh � mðrrr þ rzzÞ� ð14bÞ

ezz ¼
1

Ei

½rzz � mðrrr þ rhhÞ� ð14cÞ
where subscript ‘‘i’’ denotes NiTi spring (i = s) or porous NiTi cylinder (i = p). From Eq. (14), the stresses
can be expressed in terms of strains as
rrr ¼
Ei

1� m2
ðerr þ mehhÞ þ

m
1� m

r0 ð15aÞ

rhh ¼
Ei

1� m2
ðehh þ merrÞ þ

m
1� m

r0 ð15bÞ

rzz ¼ r0 ð15cÞ
Replacing the strains with displacements by using Eqs. (13) and (15) given is rewritten as
rrr ¼
Ei

1� m2

ou
or
þ m

u
r

� �
þ m

1� m
r0 ð16aÞ

rhh ¼
Ei

1� m2

u
r
þ m

ou
or

� �
þ m

1� m
r0 ð16bÞ

rzz ¼ r0 ð16cÞ
Substituting Eq. (16) into the equilibrium equation (12) we obtain the second-order ordinary differential
equation in terms of radial displacement u
d2u
dr2
þ 1

r
du
dr
� u

r2
¼ 0 ð17Þ
Eq. (17) is Euler�s type differential equation, thus the radial displacement u is given by
ur ¼ Ar ð18Þ

where A is an unknown constant.



Y. Zhao et al. / International Journal of Solids and Structures 43 (2006) 2497–2512 2505
Substituting Eq. (18) into (16a), we obtain the radial stress in the rod as
rrr ¼
Ei

1� m2
Aþ m

1� m
r0 ð19Þ
The radial displacement ðus
rÞ of the hollow cylinder subjected to axial stress (r0) and lateral pressure ðrs

rÞ is
given by Arthur et al. (2002)
us
r ¼

r

Es R2
o � R2

i

� � 1� 2mð Þ þ 1þ mð ÞR2
o

r2

� �
R2

i r
s
r þ mr0R2

o

� 	
ð20Þ
where us
r is the radial displacement of the spring, Ri and Ro are the inner and outer radius of the hollow

cylinder, respectively.
There are two unknown in the above formulation, integration constant A in Eqs. (18) and (19) and lat-

eral pressure, rs
r. Therefore, we need two boundary conditions to solve these two unknowns. First, the mag-

nitude of the interface pressure, rs
r, on the surface of the solid cylinder is equal to that on the inner surface

of the hollow cylinder, requiring boundary condition is given as
rp
r jr¼rp

C
¼ rs

rjr¼Ri
¼ Ep

1� m2
Aþ m

1� m
r0 ð21Þ
The second boundary condition is the radial displacement at the surface of the solid cylinder is the same as
that at the inner surface of the hollow cylinder, requiring
up
r




r¼rp

c
¼ us

r




r¼Ri

ð22aÞ
From Eq. (20), the displacement at the inner surface of the hollow cylinder is given by
us
r




r¼Ri
¼ Ri

EsðR2
o � R2

i Þ
1� 2mð ÞR2

i þ 1þ mð ÞR2
o

� �
rs

r þ mr0R2
o


 �
ð22bÞ
The second boundary condition along with Eq. (22b) leads to
rp
c A ¼ Ri

Es R2
o � R2

i

� � 1� 2mð ÞR2
i þ 1þ mð ÞR2

o

� �
rs

r þ mr0R2
o


 �
ð23Þ
Substituting Eq. (21) into Eq. (23) and using relation rp
C ¼ Ri, we can solve for A and rs

r

A ¼ mr0½C2=ð1� mÞ þ R2
o�

C1 � C2Ep=ð1� m2Þ ð24aÞ

rs
r ¼

Ep

1� m2
Aþ m

1� m
r0 ð24bÞ
where
C1 ¼
1

EsðR2
o � R2

i Þ
ð25aÞ

C2 ¼ 1� 2mð ÞR2
i þ 1þ mð ÞR2

o

� �
ð25bÞ
Therefore, the stresses in the rod can be obtained by substituting Eq. (24) into Eq. (16)
ri
rr ¼

Ei

1� m
Aþ m

1� m
r0 ð26aÞ

ri
hh ¼ �

Ei

1� m
Aþ m

1� m
r0 ð26bÞ

rzz ¼ r0 ð26cÞ
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Substituting Eq. (26) into Eq. (14c), the axial strain of the rod can be obtained as
Table
Input

Kink p

Heigh

Young
Modu
ezz ¼ 1� 2m2

1� m

� �
r0

Ei

� 2m
1� m

A ð27Þ
The axial strain and stress can be expressed in terms of displacement and force in the z-direction, respec-
tively as
ezz ¼
di

hi

ð28aÞ

r0 ¼
F i

ai

ð28bÞ
where di and Fi are the displacement and force in z-direction, respectively, and ai is the cross area on which
the load is applied. The subscript ‘‘i’’ denotes solid cylinder or hollow cylinder. Substituting Eq. (28) into
Eq. (27), the force–displacement relation in the solid or hollow cylinder is given as
F i ¼
di=hi þ 2Am= 1� mð Þ½ �Eiai

1� 2m2 1� mð Þ ð29Þ
So far, the force–displacement relation for the composite structure when two parts of it interact with each
other is obtained. Eq. (29) will be used in all the stages (C–D, D–E, E–F, F–G) when the two parts interact
with each other.

For the kink point D, the force in the solid cylinder is given as
F p
D ¼
½ðdD � dCÞ=hp

C þ 2Am=ð1� mÞ�Ep
Dap

D

1� 2m2=ð1� mÞ ð30aÞ
The force in the hollow cylinder is
F s
D ¼
½ðdD � dCÞ=hs

C þ 2Am=ð1� mÞ�Es
Das

D

1� 2m2=ð1� mÞ ð30bÞ
Force in the composite structure is
F D ¼ F p
D þ F s

D ð30cÞ

where hi

C , Ei
D (i = p, s) can be found in Table 3. The stiffness of the fourth stage then can be obtained

consequently
SC–D ¼ ðF D � F CÞ=ðdD � dCÞ ð31Þ

Therefore the force–displacement relation is given as
F C–D ¼ F c þ SC–DðdC–D � dCÞ ð32Þ

where dC 6 dC–D 6 dD.
3
data for kink points at which the porous NiTi rod and the NiTi spring interact to each other

oints C D E F G

t hp or hs (GPa) 14.50 mm 14.08 mm 13.25 mm 14.10 mm 14.5 mm

�s Ep 9 23 23 9 9
lus Es 70 70 70 70 70



Table 4
Displacement and forces of kink points in the FDC (F P

i and dP
i ) of porous NiTi rod and spring where ‘‘i’’ denotes kink point from A to

I; di is the displacement of composite structure

Kink points in Fig. 5 A B C D E F G H I

Displacement dp
i (mm) 0.00 0.45 0.50 0.92 1.75 0.90 0.50 0.02 0.00

di (mm) 5.30 5.75 5.80 6.22 7.05 6.20 5.80 5.32 5.30

Force F p
i (KN) N/A 14.00 15.00 N/A N/A N/A N/A 5.00 N/A

F p
i is the force of single porous NiTi rod.
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3.1.5. The fifth stage (D! E)

Kink point D is the martensitic finish transformation point for the porous NiTi rod. From D all the way
to E, the porous NiTi rod is in 100% martensite phase. As a result, the Young�s modulus of the porous NiTi
rod at this stage is the martensite Young�s modulus of 13% porosity NiTi [12]. While for the NiTi spring, its
Young�s modulus is to be 70 GPa. Because the solid cylinder (porous NiTi rod) and the hollow cylinder
(NiTi spring) is still interacting with each other in this stage. The forces in the cylinders can be obtained
in the same way as that for the fourth stage. The forces at E are given as
F p
E ¼
½ðdE � dDÞ=hp

D þ 2Am=ð1� mÞ�Ep
Eap

E

1� 2m2=ð1� mÞ ðsolid cylinderÞ ð33aÞ

F s
E ¼
½ðdE � dDÞ=hs

D þ 2Am=ð1� mÞ�Es
Eas

E

1� 2m2=ð1� mÞ ðhollow cylinderÞ ð33bÞ

F E ¼ F p
E þ F s

E ðcomposite structureÞ ð33cÞ
where hi
D , Ei

E (i = p, s) can be found in Table 3. The stiffness of the fifth stage is
SD–E ¼ ðF E � F DÞ=ðdE � dDÞ ð34Þ

The force–displacement relation is given as
F D–E ¼ F D þ SD–EðdD–E � dDÞ ð35Þ

where dD 6 dD–E 6 dE.
Fig. 7. Fractured 13% porous NiTi rod.



Fig. 8. Experimental and predicted force–displacement curve.
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3.2. Unloading curve

The unloading curve consists five stages (E–F, F–G, G–H, H–I, I–O) and five kink points (E, F, G, H, I).
In the first two stages (E–F, F–G), the porous NiTi rod and NiTi spring are still constraining each other.
The force–displacement curve for these two stages are obtained in the same way as that for the fourth (C–
D) and fifth (D–E) stage in the loading curve. In the other three stages (G–H, H–I, I–O), the porous NiTi
rod and NiTi spring deform independently with same gap between them. Therefore, their FDCs are ob-
tained in the same way as that for the first (O–A), second (A–B) and third (B–C) stage in the loading curve.
The detailed computation is in Appendix A.
4. Discussion

The actual stress distribution in the cross-section of the spring is shown in Fig. 9, but to simplify the
problem, we assume that when the neighbor turn of the spring touches each other it acts like a hollow
cylinder (Fig. 6). We assume that the Young�s modulus of the spring is 70 GPa all the way, but the
F

F

torsional shear stress direct shear stress

(a) (b)

Fig. 9. (a) Axially loaded helical spring and (b) free-body diagram showing that the wire is subjected to a direct shear and a torsional
shear.



Displacement

Force

A(I)

B
C

C’

D’

D

E

F

G
H

Fig. 10. Idealized force–displacement curve of the composite structure.
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Von-Mises effect stress of the spring shows the fact that when the force arrives point C 0 on the curve in
Fig. 10, stress-induced transformation starts in the NiTi spring, and the martensitic transformation fin-
ishes at point D 0. Therefore, this model is more accurate before the force hits C 0 and after the force
increases over D 0. For the stress-induced martensite transformation stage of the NiTi spring, this model
is over estimate.

This hollow cylinder assumption allows the discrete spring turns to be a continuous body, therefore
strengthens the effect of the spring. Comparing the predicted curve to the experimental curve in Fig. 8,
we can see that with the force and displacement increasing, the gap between those two curves narrows. That
is because with the force increasing, the turns of the spring are compressed more and more tightly to each
other, that makes the spring more and more like a hollow cylinder with continuous wall. Therefore, the
proposed model even if it is based on simple elastic theory, can predict the force–displacement of the exper-
imental data accurately.

Fig. 7 shows that the fracture occurs in the plane 45� to the axial load, which coincides with the max-
imum shear stress plane (Brooks and Choudhury (2002)). The force–displacement of the single porous NiTi
rod does not exhibit a sufficiently long plastic plateau before it fractures. There are three reasons. First, this
is partially due to the characteristics associated with the NiTi of SE grade supplied by Sumitomo Metals
where the NiTi powders of SE grade may not exhibit extensive plastic deformation with marked plastic
stress plateau. Second, it is probably because that the pores in the porous NiTi rod weaken the ductility
of the rod. Third, part of interconnects of the NiTi particles by the SPS were weakened or destroyed by
the heave compressive load.

Comparison of the specific EA of some ordinary materials to that of the single NiTi rod and compos-
ite structure, Table 5, shows that the single NiTi rod has more than 10 times specific EA as ordinary
materials based on the EA/(unit volume). Moreover, the EA of the proposed composite structure made
of a porous NiTi rod surrounded by a concentric NiTi spring is more than twice as much as that of the
single NiTi rod. Therefore, the proposed composite structure in this paper has a remarkable advantage
Table 5
Comparison of the specific EA of various materials

Materials AlCu4 foam
(Baumeister et al., 1997)

Al with Si added
(Du et al., 2003)

Al (Ashby
et al., 2000)

Single 13% porosity
NiTi rod

Composite
structure

Energy absorption
(MJ/m3)

5.2 4.2 20 68.3 141.5
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for use as a high energy absorber. However, on the basis of EA/(unit weight) the large advantage of the
proposed composite structure diminishes as compared with Al foam, i.e. the composite has 15.3 MJ/Mg,
Al foam has 10 MJ/Mg (Ashby et al., 2000). The reason for this small advantage of the proposed NiTi
composite structure over Al foam in terms of EA/(unit weight) is that the porosity of the proposed NiTi
composite structure, particularly porous NiTi rod, is not as high as 50% or more. For such a high poros-
ity NiTi rod, the thin NiTi wall of the porous microstructure may not undergo large stress and strain
region, instead, if may exhibit a buckling mode limiting the volume of large stress and strain in a local-
ized hinged area.
5. Conclusion

The proposed composite structure composed of porous NiTi rod surrounded by a concentric NiTi
spring, exhibits high force and displacement relation as compared with that of the single porous NiTi
rod with the identical dimension. Therefore, this composite structure has higher specific energy absorption
than that of the single porous NiTi rod. The force–displacement curve of the composite structure predicted
by the proposed model explains the experimental data reasonably, Fig. 8.
Acknowledgements

The present research was supported by a subcontract from the ONR-MURI at University of California
at San Diego (PI, Prof. Sia Nemat-Nasser, N-000140210666) to the University of Washington where Dr.
Roshdy Barsoum is the program monitor at ONR. The authors are thankful to Dr. Y. Urushiyama for
his valuable comments on the design of the composite structure.
Appendix A. Unloading curve

A.1. The sixth stage (E! F)

The force and displacement at point E is obtained in Eq. (33c). Point F is the austenite transformation
start point. The force at point F is
F p
F ¼
½ðdF � dEÞ=hp

E þ 2Am=ð1� mÞ�Ep
Fap

F

1� 2m2=ð1� mÞ ðsolid cylinderÞ ðA:1Þ

F s
F ¼
½ðdF � dEÞ=hs

E þ 2Am=ð1� mÞ�Es
Fas

F

1� 2m2=ð1� mÞ ðhollow cylinderÞ ðA:2Þ

F F ¼ F p
F þ F s

F ðcomposite structureÞ ðA:3Þ
The stiffness of the sixth stage is
SE�F ¼ ðF F � F EÞ=ðdF � dEÞ ðA:4Þ

The force–displacement relation is given as
F E–F ¼ F E þ SE–FðdE–F � dEÞ ðA:5Þ

where dF 6 dE–F 6 dE.
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A.2. The seventh stage (F! G)

Point G is the point at which the porous NiTi rod detaches the spring, while the porous NiTi rod is still
at the stress-induced martensite stage. Therefore, its stiffness is still 9 GPa in this stage, Table 3. The force at
point F is
F p
G ¼
ððdG � dFÞ=hp

F þ 2Am=ð1� mÞÞEp
Gap

G

1� 2m2=ð1� mÞ ðA:6Þ

F p
G ¼
ððdG � dFÞ=hs

F þ 2Am=ð1� mÞÞEs
Gas

G

1� 2m2=ð1� mÞ ðA:7Þ

F F ¼ F p
F þ F s

F ðA:8Þ
The stiffness of the seventh stage is given as
SF–G ¼ ðF G � F FÞ=ðdG � dFÞ ðA:9Þ

The force–displacement relation is given as
F F–G ¼ F F þ SF–GðdF–G � dFÞ ðA:10Þ

where dG 6 dF–G 6 dF.

A.3. The eighth stage (G! H)

From point G, the rod detaches from the inner surface of the spring. Therefore, the hollow cylinder and
the solid cylinder act independently from point G all the way to original point O. Point H is the point at
which the austenite transformation finishes. The force at point H is
F s
H ¼ EsbðRi þ t=2Þ2 � R2

i cðdG � dHÞ=ðhp � dp
GÞ ðA:11Þ

F H ¼ F p
H þ F s

H ðA:12Þ
where the F p
H is given in Table 4.

The stiffness of the eighth stage is given as
SG–H ¼ ðF H � F GÞ=ðdH � dGÞ ðA:13Þ

The force–displacement relation is given as
F G–H ¼ F G þ SG–HðdG–H � dFÞ ðA:14Þ
where dH 6 dG–H 6 dG.

A.4. The ninth stage (H! I)

The porous NiTi rod recovers completely to its original height at point I. That means that from point I,
only the spring is taking the load. Therefore, the point I has the same value as point A, and the force of the
composite structure at point A is the same as the force only in spring at point A
F I ¼ F s
A ¼

Gsd
2

64nR2
o

dA ðA:15Þ
The stiffness of the eighth stage is given as
SH�I ¼ ðF I � F HÞ=ðdI � dHÞ ðA:16Þ
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The force–displacement relation is
F H�I ¼ F H þ SH�IðdH�I � dHÞ ðA:17Þ

where dI 6 dH–I 6 dH.

A.5. The ninth stage (I! O)

Since point I is the same point as point A. The force–displacement curve overlaps to the first stage
(O! A).
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